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 �.vo:hFHN\I_QD�R`\;
(a, b, c)
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 � v�T~MZFLI_QD@Z`�IÌMHN\ORQD@>Ë<VEFHOKMLIKMHN\ORQ]By�«IKQA�_`\;
2π/3.
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	�� 
 W.v�T~MZFLIKQA@Z`\IKMHN\O_QA@>ËhVEFHO_MLIKMHNPORQ]B�� I_QD�R`\;
2π/4 = π/2.
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 �.v�T~MZFLIKQA@Z`\IKMHN\O_QA@>ËhVEFHO_MLIKMHNPORQ]B�� I_QD�R`\;
2π/6 = π/3.
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1/α 1/β 1/γlYI_@)¦ V I � V I � V I �lXIK@0¦Z¦ V I � V I � V I_TlYI_@0¦Z¦Z¦ V I � V I � V I_T
����� 
 VEv�É I_`P;YceFH@)?�OR@Z@ZN�°A`\;>@CBD;>@�MZFHNP?A`\;8MH@

(α, β, γ)

% Ny=¨I_NPQjMH;>QAI_Q[MYËAORQ]G>MHcDBDN\;*`P;,=��Y=�;E?DFHO_°A`\©>=�;,=¨I_NP@0;>Q�FH;Y=�?A`\I:AXIKQjM0¦§@ +(E)
?JIKF¦§@

(E),
l_� ;>@dMZ� ®K� BDNPFH;�¢jcD;~`P;x=�OKMHN\¤ªBDORN�ME�8MZFH;~BAG>l>O_FHG~@ZceF*@Z;>@�BD;Yce� ¤¥I_lY;>@>Ë�`�� G8MHcDBA;.?DFHG>�lYG>BD;YQ[MH;¨FH;Y@dMH;¨^_I_`�IÌ°J`P;Õ=¨I_N\@x`\I7FH;>l UD;8FHl UD;oBD;

G
;Y@dMxcDQ ?�;Yc ?J`PcD@xl>OR=�?A`\N\¢jcDGY;_��FCQMZFHORce^[;,BDORcD­>;,�_FHORce?�;Y@)@Zce?D?A`\G>=�;>QjMLIKNPFH;>@>�+-H *

. �	� � !$# �$��# ����!$#�

z,IKQA@)`P;Y@)BD;Y@Z@ZNPQA@C¢jcDNy@ZcAN�^[;>QjMYËAORQ7I¨I_BDO_?DMHG*`\;>@)lYO_Qj^R;YQ[MHN\O_QA@0@ZcDNP^_I_Q[MH;>@,Sv{zEORce°A`\;EMZFLI_NPM)?�ORceF0`£� IK�e;*By� cDQD;*FHG	�A;8�eN\ORQyËv�:�NPFH;8M�?yO_cDF0`£� IK�e;*B�� cDQA;,@df|=�G>MZFHNP;,�_`\N\@Z@ZG>;ÕÑ��R`PN\@Z@HI_�R;ÌÒLËv u OR@HI_QD�R;E?yO_cDF)FH;>?DFHG>@Z;YQ[MH;8F0`\;*lY;>Q[MZFH;,By� cAQD;*FHO_MLIÌMHN\ORQ]By� O_FHBeFH;.T|Ë+ � , v�:hFHN\I_QD�R`\;E?�ORceF0FH;8?DFHGY@Z;>Q[MH;>F0`P;,l>;YQ[MZFH;*By� cDQD;*FHO_MLIKMHN\O_Q7By� O_FHBeFH; �|ËvG&bIKFZFHGE?�ORceF)FH;>?DFHG>@Z;YQ[MH;8F0`\;,l>;YQ[MZFH;*By� cDQD;*FHO_MLIKMHNPORQ]By� O_FHBeFH; � Ëv�
�;8�DI_�RORQD;E?�ORceF)FH;8?DFHGY@Z;>Q[MH;>F0`\;*lY;>Q[MZFH;,By� cDQD;*FHO_MLIKMHNPORQ]By� O_FHBeFH; �|�

. �/. � !��"� ����!$#�

u ;>@~�_FHORce?�;>@xBA;ÕlLUAIR¢jcD;Õ?JIY^_I_�R;o@ZORQ[MxBDGYl8FHNPMH@.?JIKF�`P;YceFx�RG>QAG8FLIKMH;>ceFx@ZcDNP^_I_Q[M�cAQ+ �>* @dfe@dMH©Y=�;�BD;xQDO_MLIKMHN\O_QgB�
 ®�� �«:�UjceFH@dMHORQy�B( ORceF�¯A�|;>FE`\;>@EN\BDG>;Y@>Ë�`\;>@�V ;��_FHORce?�;Y@EI_Be�=�N\@Z@ZN�°J`P;Y@0@ZORQ[MC`\;>@0@ZcDN�^RI_Q[MH@*S

ODËJTRTRTRT|Ë����RËD�|��Ë��KTRTRT_T|Ë�TRT��[Ë�TRTÌ��Ëe���[Ë�T��KTRT
� � T|Ë�� � � T|Ë � �KT|Ë � � �|Ë�� � � �|Ë ��� �|Ë�� �RT|Ë�� � �RT

v � Q];YQ[MHNP;>F
n
NPQABDN\¢jcD;,`\I�?DFHG>@Z;YQDl>;,By� cDQD;*FHO_MLIKMHNPORQ]By�«I_QD�R`P;

2π/n.+ * , v � Q7I_@dMHG8FHN\@H¢jcD;��[ËANPQABDN\¢jcD;,`�Ix?AFHG>@Z;>QAl>;*B�� cDQA;,@df|=�G>MZFHNP;R�v � QD;*l8FHORNP�o��ËAN\QDBDN�¢[cA;,`\Ix?DFHGY@Z;>QDlY;,By� cAQ]�R`\NP@Z@HI_�R;_�
(}IKFC;>�|;Y=�?A`P;RËA`\;,�KFHORce?y; � � Tx;Y@dM0;YQD�R;>QDBeFHGY;*?JIKFCBD;Yce�oFHO_MLIKMHNPORQD@0BDN\@dMHNPQAl8MH;>@CBy� O_FHBeFH;
� ;8M0cDQD;*FHO_MLIKMHNPORQ]By�«I_QD�R`P;

π,
l_� ;>@dMZ� ®K� BDNPFH;,cDQD;*@dfe=�G8MZFHN\;E?yO_QAl8MHcD;Y`P`\;_�

% N�`\;>@~QDOR=.°DFH;>@~^eN\;>QDQD;YQ[MxIK?DFH©Y@~`£� I_@dMHG8FHN\@H¢jcD;_Ë�l>;Y`\I @ZNP�RQDNP¯A;�¢jcD;Õ`P;Y@~l>;YQ[MZFH;>@~BD;Y@+ *>* FHO_MLIKMHN\O_QA@�lYOKFZFH;Y@d?�ORQDBAI_Q[MH;Y@]@ZORQ[M]@ZcDF]`\;>@]`\N\�_QA;>@]BD; @dfe=�G>MZFHNP;R� u ; �_FHO_cD?�;�� � � T IMHORceMH;Y@)@Z;Y@)FHO_MLIKMHNPORQD@)lY;>Q[MZFHGY;>@0@ZceFC`�I�`\NP�RQD;,BD;,@dfe=�G8MZFHN\;_� (�ORceFC`\;,�KFHORce?y; � �KT|ËA@Z;YcD`P;`�I�@dfe=�G8MZFHN\;E?yO_QAl8MHcD;Y`P`\;,I�@ZORQ7l>;>QjMZFH;*@ZceFC`\I�`\NP�RQD;,BA;*@dfe=�G8MZFHN\;_�
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u ;>@hMZFLI_QD@Z¤¥O_FH=�IKMHN\ORQD@ I �¨QD;>@�BDc.?J`\I_Qx¢jcDNjQD; l UAI_QD�R;>Q[M QDNj`�I0¤¥O_FH=�; QANj`P;Y@<=�;Y@ZceFH;>@BA;>@*O_°ead;8MH@E@ZORQ[M.IK?D?�;Y`PGY;>@EN\@ZOR=�G8MZFHN\;>@¨Ñ BDc �_FH;>lxN\@ZO�� =��>=�;
	};>ME=�;8MZFHORQ�� =�;>@ZcDFH;�	�ÒL�

& ;Y@�MZFLI_QD@Z¤¥O_FH=¨IÌMHN\ORQD@0O_QjM0BD;Y@�?DFHO_?DFHN\G8MHG>@0@ZN\=x?J`P;Y@0=¨IKN\@0NP=�?�O_FZMLI_Q[MH;>@,SA`P;YceF+9� * v u ;YceF0;>QA@Z;>=.°A`\;,¤ O_FH=�;*cDQ7�_FHORce?�;*?�ORceF0`�I�`PORN�BA;*l>OR=�?�OR@ZNPMHNPORQyËvÊMHORceMH;>@,`\;>@.N\@ZO_=�G>MZFHNP;Y@.BDc�?A`�IKQÔ@ZORQ[M.BA; � M§f|?�;>@¨S�MZFLI_QD@Z`�IKMHNPORQyË�FHG	�A;8�eN\ORQyË�FHO_�MLIKMHNPORQyËh�R`PN\@Z@HI_�R;_��& ;8MZMH;¨BD;8FHQDN\©8FH;�MZFLI_QD@Z¤¥O_FH=¨IÌMHN\ORQ ;>@dM~cDQD;�MZFLI_QD@Z`�IÌMHN\ORQ @ZcDNP^eNP;ORc ?DFHGYl>G>BAG>;~By� cDQD;.FHG	�A;8�eN\ORQ By�«IK�e;.?JIKFLI_`P`\©>`\;xI_c ^[;Yl8MH;>cDF�BD;.MZFLI_QD@Z`�IÌMHN\ORQy��F�Q`£� IK?D?�;Y`P`\;)I_cD@Z@ZN C)^eN\@Z@HI_�_;�E_� u ;)BD;>=�NP�£MHO_cDFª;Y@dM�IÌ?A?�;>`\G)I_cD@Z@ZND@dfe=�G8MZFHN\;�lY;>Q[MZFLI_`\;_�+ S , v u ICl>OR=�?�OR@ZG>; BD; BA;>ce�.@df|=�G>MZFHNP;Y@�IK�eN\I_`\;>@�;Y@dM�cAQD;�MZFLI_QD@Z`\IKMHN\ORQ~ORc~cDQD;�FHO_MLIKMHNPORQy�v � QD;�@dfe=�G8MZFHN\; IK�eN\I_`\;�lLUJIKQA�_; `£� OKFHN\;>QjMLIÌMHN\ORQ.BD;Y@<lY;8FHl>`\;>@>� FCQ~BDNPM ¢jcD;�`�I0@dfe=�G>MZFHNP;IK�eN\I_`\;*;>@dM0cAQD;*N\@ZOR=�G>MZFHNP;,N\QDBDNPFH;>l>MH;¨Ñ�ORc7I_Q[MHNP� BDG8?J`\I_l>;Y=�;>Q[M8ÒL�v � QD; lYO_=�?�OR@ZGY; BD; BA;>ce��@df|=�G>MZFHNP;Y@oIK�|N�I_`P;Y@ÕQD; l UAI_QD�R; BDORQDl ?JI_@Õ`£� O_FHN\;>Q[MLIK�MHN\O_Q S|`\;>@bMZFLIKQA@Z`\IKMHN\O_QA@b;8M�`P;Y@�FHO_MLIKMHN\O_QA@bl>ORQD@Z;>FZ^R;YQ[M�BDORQDl�`£� OKFHN\;>QjMLIÌMHN\ORQ Ñ�O_Q�`P;Y@+ S * IK?D?�;Y`P`\;oNP@ZOR=�G8MZFHN\;>@�BDNPFH;>l8MH;Y@~ORc BDG8?J`\I_l>;Y=�;>Q[MH@ ÒL�$FCQ QAOKMH;�¦§@
+(E)

`\;o�_FHORce?�;BD;Y@�NP@ZOR=�G8MZFHN\;>@�BDNPFH;>l>MH;>@�BDc ?A`\I_Q ;>ME¦§@
(E)

`\;~�_FHORce?�;~BD;Y@�N\@ZOR=�G>MZFHNP;Y@�BDc ?A`�I_Q;>cAl>`\NPBDN\;>Q
E.v u ;Y@�l>OR=�?�OR@ZG>;Y@�BD; FHO_MLIÌMHN\ORQD@�;>M IXORc~BD; MZFLI_QD@Z`\IKMHN\ORQD@ GY¢jcDNP^_I_`P;YQ[M}®CcDQD;b@Z;>cD`\; FHO_�MLIKMHNPORQ�ORc�MZFLIKQA@Z`\IKMHN\O_Qt�DcAQD;*l>OR=�?�OR@ZG>;EBD;,¢jcAIKMZFH;E@dfe=�G8MZFHN\;>@0IÌ�eN�I_`P;Y@�GY¢jcDNP^_I_ceM+9�>, BDORQDl]®gcDQD;�l>OR=�?�OR@ZG>;�BA;�BD;>ce�Ô@Z;YcD`P;Y=�;>Q[MY� � QD;�lYO_=�?�OR@ZGY;oBD;oMZFHORN\@x@dfe=�G8�MZFHN\;>@�IK�eN\I_`\;>@ªl UAI_QD�R;)`£� OKFHN\;>QjMLIÌMHN\ORQ¨;8M�GY¢jcDNP^_I_ceM ®*`\I,l>OR=�?�OR@ZG>;0By� cDQD;0@dfe=�G>MZFHNP;IK�eN\I_`\;.;8MCB�� cDQA;,MZFLI_QD@Z`�IKMHNPORQ BD;,^[;>l>MH;>ceF C~?JIKFLI_`\`P©Y`P; E]®¨`£� IK�e;.BD;~`\I¨@dfe=�G>MZFHNP;Ñ�l_� ;>@dM0cDQ7�R`PN\@Z@HI_�_;xÒL�v�
 NPQJIK`\;>=�;YQ[M*SD`P;Y@b@dfe=�G8MZFHN\;>@0IK�|N�I_`P;Y@�C,;YQD�R;>QDBeFH;YQ[M�E�MHORceMH;>@�`\;>@�N\@ZOR=�G8MZFHN\;>@�BAc+9� * ?A`�I_Qy�v � QD;ÕN\@ZOR=�G8MZFHN\;oBDcÔ?J`\I_Q ;YcDl>`\NPBANP;YQ ;>@dM�;>Q[MHN\©8FH;Y=�;YQ[MxBAG8MH;8FH=�N\QDG>;Õ?JIKF�`�I BDORQe�QDGY;*BD;,`�� NP=¨I_�R;,BD;*BA;>ce�o?�ORN\Q[MH@)BANP@dMHN\QDl8MH@>� % ORN�M

a, b, a′, b′,
MH;>`\@0¢[cA;

‖
−−−→
a − b‖ =

‖
−−−−→
a′ − b′‖.

% Nb`£� N\@ZOR=�G8MZFHN\;�l UD;8FHl UDG>;�;Y@dM�cDQA;oMZFLIKQA@Z`\IKMHN\O_Q I_`\OKFH@�`P;o^[;>l>MH;>ceF�;Y@dM¤¥OKFHlYG>=�;>QjM −→
aa′.

% N}lR� ;Y@dM*cDQD;�FHO_MLIKMHNPORQyË�`P;�lY;>Q[MZFH;�;>Q ;>@dM,QDGYl>;Y@Z@HIKNPFH;>=�;YQ[M,`£� N\Qe�+ �>, MH;8FH@Z;Yl8MHN\ORQ�BD;Y@)=�GYBDN\IKMZFHN\l>;Y@)BD;
[a, a′]

;8M
[b, b′].
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